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We use an empirical tight-binding approach to calculate electron and hole states in [111]-grown
PbSe nanowires. We show that the valley-orbit and spin-orbit splittings are very sensitive to the
atomic arrangement within the nanowire elementary cell and differ for [111]-nanowires with mi-
croscopic D3d, C2h and D3 symmetries. For the nanowire diameter below 4 nm the valley-orbit
splittings become comparable with the confinement energies and the k · p method is inapplica-
ble. Nanowires with the D3 point symmetry having no inversion center exhibit giant spin splitting
E = αkz, linear in one-dimensional wave vector kz, with the constant α up to 1 eV·A˚.
I. INTRODUCTION
Lead chalcogenide nanostructures are widely used for
optoelectronics applications, including infrared detec-
tors [1], solar cells[2, 3], and light emitting diodes [4, 5].
Most of the works are devoted to zero-dimensional
nanocrystals [1–6]. However, quasi-one-dimensional lead
chalcogenide nanowires (NWs) and nanorods are offering
more flexibility. In particular, enhanced multiple exciton
generation efficiency [7–10] and suppressed Auger recom-
bination rates [11–13] have been experimentally demon-
strated in PbSe NWs. PbSe NWs can be grown using
methods of colloidal chemistry [14–19]. The approach
based on the oriented attachment of PbSe nanocrys-
tals [15] enables controllable growth of NWs along the
[100], [110] and [111] axes with straight, zigzag, helical,
branched, and tapered shape. Growth of high-quality
monocrystalline PbSe [100] nanorods with homogeneous
size distributions using a catalyst-free, one-pot, solution
chemistry method has been reported in Refs. [16, 17].
This technique offers control over the nanorod aspect ra-
tio in the range from 1 to 16 [18, 19]. Energy spectrum of
the nanowires can be probed optically [17, 20–22]. Simple
stationary linear absorption spectroscopy easily probes
the effect of the nanorod size [21], and aspect ratio [18]
on the fundamental energy gap. More detailed informa-
tion might be accessible using the nonlinear and transient
optical setups [22, 23].
While the basics of the electron structure of the
nanowires is well understood, the valley structure of the
states has not been fully investigated. The multi-valley
band structure represents a challenge for the modeling,
as one has to deal with electronic states, originating from
different valleys, whose degeneracies are very sensitive to
the microscopic properties and symmetry of a nanostruc-
ture. The symmetry of a nanowire made of a crystalline
material with the rock salt crystal lattice, having band
extrema in four L points of the Brillouin zone, is deter-
mined by several major factors.
The first of these factors is the nanowire growth di-
rection. In most theoretical papers [20, 24], NWs grown
along the two high-symmetry directions, [100] and [111],
are considered. Theoretical works based on the effective
mass method [20, 25, 26] treat the valleys as indepen-
dent. However, if the valley mass anisotropy is taken
into account [20], this description becomes sensitive to
the growth direction. In the absence of intervalley cou-
pling, the electronic states in [100] NWs remain 4-fold
valley degenerate while in [111] NWs the longitudinal
[111] valley state becomes split-off by the effective mass
anisotropy.
The second factor is the shape of the NW cross-section.
For a theoretical model, it is natural to choose it in such
a way that it does not reduce the overall symmetry of
the nanowire. The simplest choice is the shape which is
as close to a circle as possible. The presence of the NW
surface leads to mixing of the valley states (inter-valley
coupling), which results in energy splittings [27, 28].
The structure of electron energy levels resulting from
the valley splittings may be determined from the over-
all nanowire symmetry which is the combination of the
Oh symmetry of the crystal lattice and the symmetry of
the NW structure potential. The effective mass method
may be extended to account for the valley degree of free-
dom, so that it can be used to predict the degenera-
cies of resulting energy eigenstates and their transforma-
tion properties. Such an extension of the effective mass
method and symmetry analysis of the inter-valley cou-
pling is one of the aims of the present paper. However, a
full quantitative analysis of the inter-valley coupling re-
quires computational methods capable of accounting for
the atomistic structure of the nanowire. Below we em-
ploy the empirical tight-binding method to perform such
an analysis. This method has proved to be effective in de-
scription of the inter-valley coupling in lead chalcogenide
nanocrystal quantum dots [29] and in nanowires with a
rectangular cross-section [24]. Contrary to ab-initio tech-
niques [30, 31], that are as yet limited to the NWs thinner
than 30 A˚ [30, 31], the tight-binding method can easily
handle NWs with large diameters. An empirical tight-
binding description also naturally accounts for the rela-
tivistic nature of Pb atoms that induces strong spin-orbit
interaction, representing a challenge for the ab-initio ap-
proaches [32, 33].
Even when the nanowire growth direction and the
shape of its cross-section are chosen, the symmetry of the
nanowire is not fully determined. For a nanowire with a
cylindrical shape, the position of the axis of this cylinder
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FIG. 1. (color online) Panels (a), (b), (c) show elementary cells of three smallest NWs with the point group symmetry D3d,
D3, and C2h, respectively. Cations (Pb) are shown by red dots, and anions (Se) by blue dots. Color arrows (RGB for XYZ)
indicate the crystallographic coordinate system with the origin at the point (0, 0, 0). Inversion center of the D3d NW is at the
(0, 0, 0) cation, while in the C2h NW the inversion center is chosen at the a(
1
2
, 1
4
, 1
4
) point in the crystallographic coordinate
system. Panel (d) shows the bulk PbSe Brillouin zone. Wave vectors ki (3) are shown as black arrows. The colored cross
sections are formed by (111) planes which pass through the points k1, −k1, k0. Projections of these vectors to the [111] axis
are indicated by tick marks on the [111] axis.
within a unit cell of a bulk semiconductor is yet to be
specified. It turns out that not only is the inter-valley
coupling sensitive to the choice of this position, but en-
tirely new physical consequences such as appearance of
spin-dependent splittings of nanowire energy levels can
also result. From this point of view, the [111] grown
NWs appear to be more interesting, and we will restrict
our consideration to these NWs. Analysis of the [100]
grown NWs will be undertaken in a separate publication.
The paper is organized as follows. In Section II we
describe the system and explain the microscopic sym-
metry of the NWs. In Section III we describe the ex-
tension of the effective mass method that takes into ac-
count combinations of the valley states. We formally
consider an ideal cylindrical nanowire, but restrict our-
selves to the symmetry operations of the true nanowire
symmetry group specified in Section II. This allows us
to predict the degeneracies of eigenenergies and trans-
formation properties of eigenfunctions resulting from the
valley-orbit and spin-orbit splittings. In Section IV we
explain the tight-binding approach and its application to
lead chalcogenides NWs. We describe a technique for
detailed analysis of the tight-binding wave functions in
both real and reciprocal spaces. In Section V we discuss
the results of the tight-binding calculations and compare
them with the effective mass consideration. In Section VI
the conclusions are drawn.
II. WIRE STRUCTURE IN REAL AND
RECIPROCAL SPACES
In this section we analyze the possible microscopic
symmetries of the PbSe nanowires grown along the [111]
direction.
Bulk PbSe has the rocksalt (fcc) crystal lattice with
the Oh point group. An elementary cell of a NW grown
along [111] direction contains three Pb and three Se
(111) atomic layers, as shown in Fig. 1. NWs have one-
dimensional periodicity along the growth direction char-
acterized by the translational vector
T = a(1, 1, 1) , (1)
where a is the PbSe lattice constant. A nanowire is
“carved out” of the bulk crystal along a cylindrical sur-
face with an axis parallel to the [111] direction. Some
possible arrangements of atoms in the elementary cells of
resulting nanowires are shown in Fig. 1. They differ by
the position of the NW axis with respect to the unit cell
of a bulk crystal leading to different point symmetries of
the resulting NWs. In particular, Fig. 1 shows three typ-
ical NWs with the center axis passing through the atom
(D3d, Fig. 1a), between atoms (D3, Fig. 1b) or through
the middle of a chemical bond (C2h, Fig. 1c). In the case
of the D3d NWs we choose the inversion center at the
(0, 0, 0) cation. For the C2h NWs, the inversion center is
chosen at a( 12 ,
1
4 ,
1
4 ). Note that the crystallographic coor-
dinate system is used only to define NW directions, their
inversion centers and reciprocal lattice vectors. Below we
use the coordinate system with the following axes
x ‖ [1¯10], y ‖ [1¯1¯2], z ‖ [111] (2)
3and, for the D3d and C2h NWs, the origin of this coordi-
nate system is set to the inversion center.
Now we discuss the relations between the one-
dimensional reciprocal space of a nanowire and the three-
dimensional reciprocal space of the parent bulk material.
The conduction band minima and valence band maxima
in bulk lead chalcogenides are located in the four inequiv-
alent L valleys. The first Brillouin zone is schematically
shown in Fig. 1d. The point group of the wave vector in
each L valley is D3d with its C3 axis directed along the
valley. Four valleys Lν correspond to the wave vectors
kν (ν = 0, 1, 2, 3), which we choose as
k0 =
pi
a ( 1, 1, 1) , k1 =
pi
a (−1,−1, 1) ,
k2 =
pi
a ( 1,−1,−1) , k3 = pia (−1, 1,−1) .
(3)
We also choose the basis vectors of the bulk reciprocal
lattice as
b1 = −2k3 , b2 = −2k1 , b3 = −2k2 . (4)
In the one-dimensional reciprocal space of a nanowire, the
quantum-confined states, originating from the electron
and hole states at the L points in the 3D bulk Brillouin
zone, are located at the projections of the kν onto the
wire one-dimensional Brillouin zone defined by the vector
bk =
2pi
|T |
1√
3
( 1, 1, 1) , (5)
whose length bk = 2pi/a
√
3 is three times shorter than
the length of the basis reciprocal lattice vectors.
To illustrate the relation between the 1D and 3D Bril-
louin zones, in Fig. 1d we show three 1D Brillouin zones
embedded into the 3D bulk Brillouin zone by red arrows.
The three cross section planes which cut the 3D Brillouin
zone at the projections of the valleys ±k0,1,2,3 onto the
[111] axis are painted in Fig. 1d in red, green, and blue.
The wave vectors k0,1,2,3 are shown by black arrows. The
distance between the cross sections is equal to the length
of the 1D Brillouin zone, which means that the states
originating from the four inequivalent L valleys become
equaivalent in the [111] NWs.
It is convenient to map all the inequivalent L valleys
into a single (111) plane. The natural choice is the plane
passing through the k0 point. In order to map the valleys
into this plane, we add the reciprocal lattice vectors b1
and b2 + b3 to the vectors from the “green” and “blue”
planes in Fig. 1, respectively. Below we will adhere to this
scheme and, instead of addressing vectors from the three
planes confined within the first 3D Brillouin zone, we will
use equivalent vectors from the single plane. The planar
translation vectors can be expressed via the reciprocal
lattice vectors
T 2D1 = b1 − b2, T 2D2 = b3 − b2 . (6)
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FIG. 2. Scheme of the lowest electron energy levels in D3(d)
and C2h [111]-grown NWs. Left to right: isotropic k · p
method; in k · p method with account of mass anisotropy;
and with the valley splitting. States in D3 NWs have the
same structure as in D3d without a certain parity.
III. EFFECTIVE MASS APPROACH
The k · p effective mass model to describe the elec-
tron energy spectrum near the extrema of the con-
duction and valence bands in a given L-valley of a
bulk lead chalcogenide compound (PbS, PbSe, PbTe,
etc.) was proposed by Dimmock and Wright [34]. The
isotropic version of this method which neglects the mass
anisotropy was used to calculate the states in spherical
nanocrystals [35], cylindrical nanowires [25], and cylin-
drical nanorods [26]. Bartnik et al. [20] applied an axi-
ally symmetric model which may be obtained by “averag-
ing” the mass anisotropy in the directions, perpendicular
to the nanowire growth direction, to describe quantum
confined states in NWs. In what follows we further ex-
tend this approach to account for the mixing of the valley
states. This enables us to classify the electron states in a
nanowire with a given point symmetry (cf. Fig. 1) with
respect to their transformation properties.
Figure 2 qualitatively illustrates the degeneracies of the
lowest electron levels in the conduction band of D3(d) and
C2h symmetry NWs grown along the [111] direction. At
kz = 0 the level is 8-fold (4 valleys × 2 spin) degener-
ate within the isotropic effective mass model [25]. The
axially symmetric effective mass model [20] partially lifts
this degeneracy by splitting this level into the 2-fold de-
generate level originating from the longitudinal L0 valley
and the 6-fold degenerate level formed by the states from
the inclined valleys. Both the symmetry analysis in the
framework of the k · p method presented below and the
tight-binding calculations show that the states originat-
ing from the 3 inclined valleys are further split into three
2-fold degenerate levels. We label them in accordance
with the irreducible representations of the point group of
a NW using the Koster notation [36].
4A. Bulk Hamiltonian
The isotropic k · p Hamiltonian written in the basis of
the spinors and the Bloch functions in the longitudinal
valley L0,
E0 = (|Lc0〉 |↑〉 , |Lc0〉 |↓〉 , |Lv0〉 |↑〉 , |Lv0〉 |↓〉) , (7)
takes the form [25, 34, 35]
H =
(Eg2 − αc∆) −iP (σ∇)
iP (σ∇) −
(
Eg
2 − αv∆
) , (8)
where αc, αv are combinations of remote band mass pa-
rameters, P is the interband momentum matrix element.
Usually the conduction band Bloch function |Lc0〉 is
odd and the valence band Bloch function|Lv0〉 is even,
however, we use the |Lc,v〉 notation instead of commonly
used
∣∣L∓0 〉 (or simply |L∓〉) because the parities of the
Bloch functions depend on the position of the inversion
center, which is different in D3d and C2h NWs, see Fig. 1.
It is worth to note that, for kz = 0, the anisotropic
model of Ref. [20] reduces to the isotropic one with renor-
malized parameters. Our k ·p calculations will be limited
to this case. The k · p parameters can be extracted from
the band structure calculated using the tight-binding ap-
proach: P l = 3.8859 eV·A˚, αlc = 22.9078 eV·A˚2, αlv =
27.5727 eV·A˚2 for longitudinal valley L0 and P i = 3.5943
eV·A˚, αic = 15.9308 eV·A˚2, αiv = 17.9751 eV·A˚2 for in-
clined L123 valleys, with the zero-temperature band gap
Eg = 0.2129 eV.
B. Effective mass model for nanowire states
originating from a single valley
1. Main equations
First we construct the eigenstates of the Hamilto-
nian (8) at the longitudinal valley L0. The Hamiltonian
Eq. (8) commutes with the total angular momentum op-
erator [35]
Jˆ = Lˆ+ Σˆ, (9)
where Σˆ = σ/2. It is convenient to find solutions in the
NW as eigenfunctions of the component, Jˆz, of the to-
tal angular momentum along the growth direction. The
eigenvalues of Jˆz are denoted bym. Equation (8) has four
linearly independent solutions finite at ρ = 0, where ρ is
the in-plane radial coordinate of the cylindrical coordi-
nate system. The boundary condition (which we choose
in the form of vanishing wave functions at the surface of
the nanowire) reduces the set to two.
For the states at the edges of the nanowire subbands
kz = 0, one may obtain the following dispersion equa-
tion [25]:
gJm+(kR)Im−(κR)−GJm−(kR)Im+(κR) = 0 , (10)
where Jm±(kR), Im±(κR) are respectively Bessel and
modified Bessel functions of the integer index m± =
m± 12 , R is the NW radius,
g =
Pk
αvk2 + E + Eg/2
,
G =
Pκ
αvκ2 − E − Eg/2 ,
(11)
and
k =
√
Ξ + Λ , κ =
√
Ξ− Λ ,
Ξ =
√
Λ2 +
(4E2 − E2g)
4αvαc
,
Λ =
E(αv − αc)− P 2 − (αv + αc)Eg/2
2αvαc
.
(12)
For a given m, we enumerate all roots of the dispersion
Equation (10), Em,n, with the index n in a way that a
positive n refers to the n’th positive root and a negative n
refers to the |n|’th negative root. For each energy, there
exist two eigenfunctions of the Hamiltonian (8), which
we denote as |ν = 0 ↑ mn〉 and |ν = 0 ↓ mn〉. Below,
for the sake of brevity, we will sometimes omit one or two
of these indices, where it cannot lead to a confusion, but
the order of the indices will always be preserved. The
explicit form of the eigenfunctions is
|↑ m〉 = E0 µˆ↑m ,
|↓ m〉 = E0 µˆ↓m , (13)
where E0 is the row vector of the basis functions (7) and
µˆ↑(↓)m are envelope column bispinors
µˆ↑m =

u(ρ)eim
−ϕ
0
0
iv(ρ)eim
+ϕ
 , µˆ↓m =

0
u(ρ)e−im
−ϕ
iv(ρ)e−im
+ϕ
0
 , (14)
The functions u(ρ), v(ρ) depend only on ρ and take the
form
u(ρ) = Nm (Jm−(kρ) + c Im−(κρ)) ,
v(ρ) = Nm (gJm+(kρ) + cGIm+(κρ)) ,
(15)
where Nm is the normalization constant, the constants g
and G are defined in Eq. (11) and the constant c is
c = −Jm−(kR)
Im−(κR)
. (16)
The functions Eq. (13), as it was mentioned before, are
eigenfunctions of the Jˆz with the following eigenvalues
Jˆz |↑ m〉 = m |↑ m〉 ,
Jˆz |↓ m〉 = −m |↓ m〉 ,
Jˆz |↑ −m〉 = −m |↑ −m〉 ,
Jˆz |↓ −m〉 = m |↓ −m〉 .
(17)
5Thus, the electron states at the nanowire subband
edges (kz = 0), originating from a single valley, are char-
acterized by the main quantum number n, projection m
of the total angular momentum on the NW axis, and
parity. Numerical solutions of Eq. (10) for a few energies
near the band gap are shown in Table I.
2. Parity-, T -, and C-symmetry of the states
The parity operator Pˆ in cylindrical coordinates is de-
fined as
Pˆf(ρ, φ, z) = f(ρ, φ+ pi,−z). (18)
Taking into account the parity of the Bloch functions we
can easily establish the parity of the eigenstates Eqs. (13)
Pˆ |↑ (↓)m〉 = (−1)m+ |↑ (↓)m〉 . (19)
Note that parities of the functions eim
∓ϕ are different,
but taking into account the parity of the Bloch functions,
Pˆ (|Lc0〉 , |Lv0〉) = (|Lc0〉 , |Lv0〉)
−1 0
0 1
 , (20)
it results in the overall parity of the functions |↑ (↓)m〉
given by Eq. (19).
TABLE I. Subband-edge energies and quantum numbers for
the first few subbands in the conduction and valence bands
of a nanowire of the diameter D = 29.92 A˚ calculated
in the framework of the isotropic k · p approximation with
anisotropic parameters, listed in Sec. III A. Symmetries of the
k · p states refer to the NWs of the D3d symmetry group and
show distribution of the irreducible representations, S, as-
sociated with the states at the extrema of the corresponding
energy subbands, over the longitudinal, L0, and inclined, L123
valleys.
EL0 , eV SL0 EL123 , eV SL123 n m
3.45 Γ−4 2.55 Γ
−
5,6 ⊕ 2Γ−4 2 12
3.04 Γ−5,6 2.27 Γ
−
5,6 ⊕ 2Γ−4 1 − 32
2.99 Γ−4 2.21 Γ
−
5,6 ⊕ 2Γ−4 1 52
1.81 Γ+4 1.39 Γ
+
5,6 ⊕ 2Γ+4 1 − 12
1.77 Γ+5,6 1.34 Γ
+
5,6 ⊕ 2Γ+4 1 32
0.81 Γ−4 0.65 Γ
−
5,6 ⊕ 2Γ−4 1 12
−0.94 Γ+4 −0.71 Γ+5,6 ⊕ 2Γ+4 −1 − 12
−2.08 Γ−5,6 −1.48 Γ−5,6 ⊕ 2Γ−4 −1 − 32
−2.12 Γ−4 −1.53 Γ−5,6 ⊕ 2Γ−4 −1 12
−3.55 Γ+4 −2.46 Γ+5,6 ⊕ 2Γ+4 −1 − 52
−3.59 Γ+5,6 −2.51 Γ+5,6 ⊕ 2Γ+4 −1 32
−4.09 Γ+4 −2.83 Γ+5,6 ⊕ 2Γ+4 −2 − 12
Without magnetic field, the k · p Hamiltonian com-
mutes with the time reversal operator Tˆ . In the basis (7)
it takes the form (I2 ⊗−iσy) Kˆ0. Here Kˆ0 is the complex
conjugation operator and I2 is the 2×2 unit matrix. Un-
der the time reversal the eigenfunctions (13) transform
one into another as
Tˆ |↑ m〉 = |↓ m〉 ,
Tˆ |↓ m〉 = − |↑ m〉 ,
(21)
which can be rewritten in a matrix form
Tˆ (|↑ m〉 , |↓ m〉) = (|↑ m〉 , |↓ m〉)
0 −1
1 0
 . (22)
Next we consider the charge conjugation operator [37]
Cˆ = γ2Kˆ0, where γ
µ are Dirac matrices [38], which act
on the bispinors Eq. (14). The Hamiltonian (8) is not
invariant under the C-symmetry if αc 6= αv. The charge
conjugated Hamiltonian is
HC = −γ2H∗γ2 , (23)
and the charge conjugation acting on the eigenfunctions
produces functions which do not satisfy the dispersion
equations. However, if αc = αv then charge conjugation
reverses the sign of the Hamiltonian
HC = −H , (24)
thus exchanging conduction and valence bands. In this
case the main quantum number n changes its sign and
the wave functions transform as
Cˆ |↑(↓)m,n〉 = sign(n)(−1)m− |↑ (↓)−m,−n〉 . (25)
We emphasize the fact that only in the case of a C-
symmetric Hamiltonian the identity Em,n = −E−m,−n
holds. In contrast to the time-reversal operator Tˆ , the
charge conjugation operator Cˆ exchanges the states with
the opposite parity. Even though the charge symmetry
does not hold in real lead chalcogenides, the correspond-
ing analysis provides an insight into the structure of the
electron energy levels. If one starts from the Hamilto-
nian with αc = αv then the states can be classified using
the charge conjugation operator. An adjustment of the
parameters αc, αv to their actual values breaks the C-
symmetry, but this does not affect the degeneracies of the
levels and only slightly changes their energy positions.
This analysis is helpful in revealing the relations be-
tween the solutions with positive and negative energies.
In particular, it guarantees that negative energy solutions
have the opposite parities with respect to the correspond-
ing positive energy solutions.
3. Point group symmetry of the states originating from the
longitudinal valley
In the previous subsection we characterized nanowire
electron states, originating from a single valley of a bulk
6semiconductor, by the main quantum number n, pro-
jection m of the total angular momentum on the NW
axis, and parity. This characterization assumes that the
nanowire has an idealized shape of a circular cylinder,
which implies the symmetry group D∞h, and does not
take into account the fact that the symmetry of an actual
nanowire is lower due to the underlying crystal structure.
However, if one formally restricts the symmetry opera-
tions of the idealized nanowire by the symmetry opera-
tions of the actual nanowire point group, then one can
assign an irreducible representation of this group to each
electron energy level and thereby classify the states by
their symmetry. In this paragraph we use this approach
to analyze the symmetry of the states (13). It corre-
sponds to the symmetry of the states originating from
the longitudinal valley of a [111] grown nanowire which
is decoupled from the states originating from all the other
valleys.
The highest possible point group of an actual NW is
D3d (cf. Fig. 1). The point group D3d has six spinor
representations Γ±4 , Γ
±
5 and Γ
±
6 [36]. Representations Γ
±
5
and Γ±6 are conjugated. Therefore, the electron states of
a nanowire can transform either under Γ±5 ⊕Γ±6 (below we
denote them as Γ±5,6) or under Γ
±
4 . In systems, where the
z axis coincides with the C3 symmetry axis, projection
m of the angular momentum Jˆz is defined modulo 3. On
the other hand, in D3d the states {|↑ m〉 , |↓ m〉} (13)
with |m| = 3/2 transform under Γ±5,6 while the states
with |m| = 1/2 transform under Γ±4 [36]. This results in
a simple criterion to classify the states in the L0 valley
in accordance with irreducible representations of the D3d
group:
ΓP5,6 2m mod 3 = 0
ΓP4 2m mod 3 6= 0
, (26)
where P is the parity of states, see Eq. (19). One can
verify that C2 rotations around the axes x, x
′, x′′, defined
as
x ‖ [1¯10], x′ ‖ [01¯1], x′′ ‖ [101¯] , (27)
transform the states {|↑ m〉 , |↓ m〉} one into another.
This proves that these pairs of functions form the bases of
irreducible representations of the group D3d. Note that
the criterion Eq. (26) is still valid in D3 NWs, except for
the parity, since the group D3d may be represented as
D3 ⊗ Ci.
In case of C2h NWs, there are four spinor representa-
tions. Two representations Γ±3 are conjugated to Γ
±
4 and
the states transform either under Γ+3,4 ≡ Γ+3 ⊕Γ+4 or Γ−3,4.
Parity analysis requires microscopic consideration and is
discussed in the next Section.
C. Effective mass model for combinations of valley
states
In this section we extend the effective mass model to
account for the valley structure of the states and clas-
sify the k ·p solutions in accordance with the irreducible
representations of the NW point group. In order to do
that we introduce bases in form of Eq. (7) in each Lν ,
(ν = 0, 1, 2, 3) valley
Eν = (|Lcν〉 |↑〉 , |Lcν〉 |↓〉 , |Lvν〉 |↑〉 , |Lvν〉 |↓〉) (28)
and extend the set of solutions Eq. (13) of the isotropic
k · p model by taking the valley index ν into account:
|ν ↑ m〉 = Eν µˆ↑m ,
|ν ↓ m〉 = Eν µˆ↓m . (29)
To analyse the states Eq. (29) let us consider the wave
vectors kν , (ν = 0, 1, 2, 3) of the L valleys Eq. (3). In
the bulk point group Oh they form an irreducible star
SL0123 = {kν}3ν=0, but lowering the symmetry to the
point groups D
[111]
3d or D
[111]
3 ⊂ Oh (C3 axis points along
the [111] direction) one can find that the star breaks into
irreducible ones SL0 and SL123
SL0 = {k0} ,
SL123 = {k1,k2,k3} .
(30)
In the C
[111]
2h ⊂ D[111]3d the star SL0123 further breaks into
irreducible stars SL2 and SL13 ,
SL2 = {k2} ,
SL13 = {k1,k3} .
(31)
It may be shown that within an irreducible star the valley
index ν transforms as permutations of the wave vectors
in the star. This allows us to symmetrize the basis func-
tions, Eq. (28), within the irreducible stars SL0 , SL123
for D3d and D3 NWs and within SL0 , SL2 , SL13 for C2h
NWs.
Below we perform the symmetrization procedure only
for the angular momentum m = 1/2, i.e. for the first
confined electron states in each valley and we consider
NWs with the groups D3d and D3 together.
1. Valley structure of states in D3d and D3 NWs
We have already shown in Sec. III B 3 that the states
originating from the longitudinal valley (SL0 star) in D3d
and D3 NWs form the irreducible representation Γ
(−)
4 ,
thus we consider the star SL123 here.
The matrices of the wave vector permutations for the
C3z and C2x rotations, TC3z and TC2x , within the star
SL123 are
7TC3z =

0 0 1
1 0 0
0 1 0
 , TC2x =

1 0 0
0 0 1
0 1 0
 . (32)
One may note that the matrices TC3z and TC2x together
with the unit 3× 3 matrix Uˆ3 form the Γ1⊕Γ3 represen-
tation of the group D3. Taking the spin into account, we
can get a representation for the irreducible star SL123 :
(Γ1 ⊕ Γ3)⊗Γ4 = (Γ1 ⊕ Γ3)⊗Γ5,6 = Γ5,6⊕2Γ4 . (33)
Taking into account the parity P of the states (19) we
get the full representation for the same star in the D3d
NWs, which is just ΓP5,6 ⊕ 2ΓP4 .
The states {|0 ↑ 1/2〉 , |0 ↓ 1/2〉} are chosen in such a
way that their rotation matrices coincide with the corre-
sponding spin rotation matrix
D 1
2
(n, ω) = cos
(ω
2
)
− inσ sin
(ω
2
)
, (34)
where n is the rotation axis direction and ω is the rota-
tion angle. Taking into account the permutation matri-
ces T , the full rotation matrices for the states |ν ↑(↓)〉
are Kronecker products of the matrices T and M
D(g) = T (g)⊗M(g) . (35)
The symmetrization procedure for D3d and D3 NWs con-
sists of a simultaneous diagonalization of the matrices
DC3z and DC2x . This can be achieved using the uni-
tary matrix VL123 via V
†DV . This matrix transforms
the states as(∣∣∣Γ(−)4 ↑(↓)〉 , ∣∣∣Γ(−)4 ↑(↓)〉 , ∣∣∣Γ(−)5 〉 , ∣∣∣Γ(−)6 〉)
= (|1 ↑(↓)〉 , |2 ↑(↓)〉 , |3 ↑(↓)〉)VL123 . (36)
The explicit form of the matrix VL123 is given below
VL123 =

1√
3
0 0 i√
3
− i√
6
i√
6
0 1√
3
i√
3
0 i√
6
i√
6
1√
3
0 0 iω
2√
3
− iω√
6
iω√
6
0 1√
3
iω√
3
0 iω
2√
6
iω2√
6
1√
3
0 0 iω√
3
− iω2√
6
iω2√
6
0 1√
3
iω2√
3
0 iω√
6
iω√
6

, (37)
where ω = exp
(
2pii
3
)
. The vertical lines separate invari-
ant subspaces Γ
(−)
4 , Γ
(−)
4 , Γ
(−)
5 , and Γ
(−)
6 . The phase
choice guarantees that all the Γ−4 states transform as ba-
sis spinors {|↑〉 , |↓〉}, and Γ−5 , Γ−6 are coupled by the time
reversal. The structure of the matrix VL123 enables one
to analyze the valley structure of the states of a given
symmetry. From (37) it follows that, for the D3d and D3
NWs, all the states with m = 1/2 originating from the
inclined valleys are equally distributed over these valleys.
2. Valley structure of states in C2h nanowires
The states in the third NW type with the point group
C2h is much easier to symmetrize than in the cases of the
point groups D3d and D3. The C2h point group contains
only one non-trivial element: rotation around the x′ axis
C2x′ , which permutes wave vectors in the star SL13 .
We start from the stars SL0 and SL2 . The states be-
longing to these stars can be symmetrized by the same
matrix VL0(∣∣Γ−3 〉 , ∣∣Γ−4 〉) = (|0(2) ↑〉 , |0(2) ↓〉)VL0 , (38)
where the matrix VL0 is
VL0 =
1√
2
−ω −ω
ω2 −ω2
 . (39)
The rest of the states originated from the star SL13 can
be symmetrized as follows(∣∣Γ+3 〉 , ∣∣Γ+4 〉 , ∣∣Γ+3 〉 , ∣∣Γ+4 〉) =
= (|1 ↑〉 , |1 ↓〉 , |3 ↑〉 , |3 ↓〉)VL13 (40)
with the matrix
VL13 =
1
2

−ω2 ω2 ω2 ω2
−ω −ω −ω ω
1 −1 1 1
1 1 −1 1
 . (41)
One can see that the parity of the states at the SL13
star is opposite to the parity of the states at the SL0
and SL2 stars. The difference in parities arises from the
parities of the atomic orbitals and the parity of the Bloch
phase multiplier eikr. In the case of the C2h NWs, the
inversion center is chosen at the point a( 12 ,
1
4 ,
1
4 ) in the
crystallographic coordinates (see Fig. 1), which changes
the parities of the functions
∣∣Lc,v1,3〉 to the opposite, as
compared to the case when the inversion center is chosen
at the (0, 0, 0) cation (the same as in bulk crystal), while
keeping parities of the Bloch functions
∣∣Lc,v0,2〉 the same.
IV. TIGHT-BINDING METHOD
In this Section we discuss application of the empirical
tight-binding method to PbSe nanowires.
The tight-binding method is based on the expansion
of the electron wave function Φs(r) in the local basis
of atomic-like orbitals φσ(r), which are assumed to be
orthogonal [39]:
Φs(r) =
∑
nσ
Csnσφσ(r − rn) , (42)
8where n enumerates the atoms and the index σ runs
through different orbitals. For the sp3d5s∗ variant of
the method these are s, s∗, three p, and five d orbitals
multiplied by spin-up and spin-down basis spinors which
results in the total of twenty orbitals per atom. In this
basis, the Schro¨dinger equation reduces to the eigenvalue
problem for a sparse matrix:∑
n′,ς
Hnσ,n′ςC
s
n′ς = EsC
s
nσ . (43)
Here, the eigenvalues Es correspond to the energies of
the electron state s and eigenvectors Cnσ provide the co-
efficients in the expansion (42) for this state. We use the
nearest neighbor approximation, thus neglecting the ma-
trix elements of the tight-binding Hamiltonian between
the atoms that are not directly connected by a chemi-
cal bond. The explicit form of the Hamiltonian matrix
elements, Hnσ,n′ς , may be found in [40] or [41]. The spin-
orbit interaction is introduced following Chadi [42]. The
tight-binding parameters [29] are chosen to accurately re-
produce experimental effective masses at the L point as
well as the electron energies at the high-symmetry points
of the Brillouin zone which were calculated in Ref. [33]
using the GW -approximation.
For a nanowire, we introduce the wave vector Kz along
the growth direction. Its relation to the wave vector kz
of Sec. III will become apparent later, in Sec. IV B. The
tight-binding wave function for a NW takes the form
ΦsKz (r) =
∑
nσ
eiKzzn Csnσ(Kz)φσ(r − rn) , (44)
where s is the band index, the index n runs over atoms
in the elementary cell of the nanowire, and zn is the z-
coordinate of the n-th atom. Therefore, the tight-binding
Hamiltonian for a nanowire is a finite matrix which de-
pends on the wave vector Kz and satisfies the equation∑
n′,ς
Hnσ,n′ς(Kz)C
s
n′ς(Kz) = Es(Kz)C
s
nσ(Kz) . (45)
Its matrix elements are related to the matrix ele-
ments of the bulk Hamiltonian via Hnσ,n′ς(Kz) =
eiKzδznn′Hnσ,n′ς , where δznn′ is the z-component of the
chemical bond vector between atoms n and n′.
The nanowire structures used in our tight-binding cal-
culations can be conceived as being carved out from a
bulk PbSe crystal and inscribed in a circular cylinder
with the axis parallel to the [111] direction and pass-
ing through (a) an atomic site, (b) the point with the
coordinates a4 (1, 1, 1), or (c) the midpoint of a chemi-
cal bond, as shown in Fig. 1. We do not use surface
passivation in our calculations. This is justified by the
strong ionicity of the chemical bonds in the lead chalco-
genides, that dramatically reduces the surface impact on
the confined states [24, 29, 43] as compared to covalent
semiconductors such as Si [44]. In realistic nanowires
such passivation might be necessary to compensate for
the unbalanced surface charge [45], however, its impact
on the energy spectrum should be relatively weak.
A. Point group symmetry
In order to analyze the symmetry of the tight-binding
wave function one should determine how the symmetry
operations, in particular rotations, affect the coefficients
Csnσ(Kz).
First, a rotation causes the atoms to change their posi-
tions. Application of the group element g transforms the
atom n with the coordinates rn into the atom n
′ with
the coordinates rn′ = g
−1rn. This transformation is de-
scribed by the permutation matrix Pg which accumulates
information about rotation of the atoms inside the NW.
This matrix implicitly depends on the quasi-wave vec-
tor Kz, as far as the transformations of the coefficients
Csnσ(Kz) are concerned.
Second, a rotation also affects the atomic orbitals form-
ing the basis of the tight-binding Hamiltonian. Indeed,
the pi/2 rotation of the function px around z results in
the function py which should be reflected in the corre-
sponding change of the tight-binding coefficients. For-
mally, this may be described as follows. In the logic of
the Slater-Koster notations [40] the s, p, and d functions
transform as the basis functions of the momentum 0, 1,
and 2, respectively. As a result, the action of the sym-
metry element g on these functions can be represented
by Wigner’s D-matrices for these momenta. The tight-
binding coefficients before and after a rotation operation
g, are connected by the matrix Dorb(g):
Dorb(g) = D 1
2
(g)
⊗ T−1

D+0 (g)
D−1 (g)
D+2 (g)
D+0 (g)
T , (46)
where the matrix T transforms the spherical harmonics
into the tesseral ones [46] which are used in tight-binding
calculations [40, 41].
The tight-binding coefficients before and after applica-
tion of the symmetry operation g are connected by the
matrix DTB(g) which is constructed as Kronecker’s prod-
uct of the permutation matrix Pg and the matrix Dorb(g):
DTB(g) = Pg ⊗Dorb(g) . (47)
In the basis where the tight-binding Hamiltonian,
Hnσ,n′ς(Kz), is diagonal, the transformation matrix (47)
has a block-diagonal form, with the blocks corresponding
to irreducible representations of the nanowire symmetry
group. This allows us to associate the tight-binding wave
functions with the irreducible representations of the NW
symmetry group. The results of this procedure are pre-
sented for the eight low-energy conduction-band states in
Table II. These results are in agreement with the sym-
metry analysis of Sec. III C.
9TABLE II. Symmetry assignment for the eight low-energy
conduction-band states obtained in the tight-binding calcula-
tions for NWs of three different symmetry groups.
point group representation
D3d 3Γ
−
4 ⊕ Γ−5,6
D3 3Γ4 ⊕ Γ5,6
C2h 2Γ
−
3,4 ⊕ 2Γ+3,4
B. Fourier analysis
In order to analyze how various states of the nanowire
are related to different valleys of the bulk PbSe in the
framework of the tight-binding method, we introduce the
function
F sKzω(κ) =
∑
m
ei(Kzzm−κrm)Csmω(Kz) , (48)
where s is the state index, the composite index ω labels
both the sublattice (anions or cations) and the atomic
orbitals, m enumerates atoms from one of the sublattices
(specified in ω) within the elementary cell, rm are the
coordinates of these atoms, and zm is the z-component
of rm. If the radius of the nanowire tends to infinity,
R → ∞, then the function (48) forms δ-like peaks near
the projections of valley extrema onto the (111) plane
and equivalent points in the reciprocal space. For NWs
of finite radius, the width of the peaks depends on the
NW radius as ∝ R−1.
The elementary cell of a nanowire contains six atomic
layers in the planes perpendicular to the growth direction
(cf. Fig. 1). The z-coordinates of these layers, zm, are
0, a/
√
3, and 2a/
√
3 for the cation layers and a/2
√
3,√
3a/2, and 5a/2
√
3 for the anion layers. Taking this
into account and substituting
κ = Kz zˆ + κρ + n bk , (49)
where κρ ⊥ z and n = 0, 1, 2, one can rewrite Eq. (48)
as
F sKzω(κρ, n) =
∑
m
e−i(κρ+bk n)rmCsmω(Kz) . (50)
Here, Kz can assume any value within a one-dimensional
Brillouin zone of the nanowire.
We further introduce the local density of states
(LDOS) in the reciprocal space:
nSKz (κρ, n) =
∑
s∈S
∑
ω
|F sKzω(κρ, n)|2 , (51)
where the index S refers to the set of states within one
degenerate energy level. As in Sec. III C, we will be
primarily interested in the states near the extrema of
the nanowire energy subbands in the conduction and va-
lence bands. Therefore, we set Kz = k0 (cf. Fig. 1d).
ground state first excited state
(a) (b)
FIG. 3. (Color online) LDOS in reciprocal space for the
ground (a) and the first excited (b) conduction state in the
D3d NW with the 29.9 A˚ diameter.
and distinguish the three functions nSk0(κρ, 0), n
S
k0
(κρ, 1)
and nSk0(κρ, 2) corresponding to the three [111] planes in
Fig. 1d). We note that the quasi wave vectors Kz, used
in this section, and kz, used in Sec. III, are related by
kz = Kz − k0. Therefore, the assignment of Kz = k0
corresponds to kz = 0.
As explained in Section II, the wave vectors from the
first Brillouin zone of the bulk crystal, parallel to the
[111] direction, which fill the interval (−k0, k0] in the
nanowire should be mapped onto the first Brillouin zone
of the NW which is three times smaller: (−bk/2, bk/2]
(zone folding). The number n in (50) allows for the
unfolding of the band structure of the wire (see e.g.
Ref. [47]) onto the band structure of the bulk crystal.
The use of all the three functions is superfluous, as they
are connected by the translations
nSk0(κρ, 0) = n
S
k0(κρ − b1 + bk, 1)
= nSk0(κρ + b1 − bk, 2) . (52)
Therefore, one can use only one of the planes in the valley
analysis.
The analysis of the reciprocal space LDOS allows one
to distinguish states of the same symmetry but with dif-
ferent main quantum numbers [48, 49]. The reciprocal
space LDOS for two levels with similar valley structure,
but different main quantum numbers is illustrated in
Fig. 3. Each reciprocal space maximum for the ground
electron state corresponds to two maxima for the first
excited state.
V. RESULTS
We have performed tight-binding calculations of en-
ergy spectra for NWs grown along [111] and having dif-
ferent symmetries. We will first present our results for
the states at the extrema of the nanowire subbands as
functions of the nanowire diameter. We will limit our
consideration by the 24 states in the conduction and 24
states in the valence band. These states correspond to
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FIG. 4. (Color online) Energy of the first 24 energy levels in the conduction and valence bands in D3d nanowire as a function
of the NW diameter. Tight-binding calculations are represented as colored symbols “+”’s and “×”’s, encoding irreducible
representations of states. The results of k ·p calculations are shown by solid lines, purple for the inclined states, and yellow for
the longitudinal ones. Eg is the band gap energy, arrangement of the k · p states is listed in Table I. Left panel shows a blow
up of the region corresponding to large NW diameters.
the three multiplets in each of the bands most close to the
nanowire Fermi level (cf. Fig. 2). Each of the multiplets
originates from an eight-fold spin- and valley-degenerate
level. These levels are first split into two-fold and six-fold
degenerate levels due to the effective mass anisotropy.
When the valley mixing at the nanowire surface is taken
into account then each of the eight-fold degenerate levels
is split into four doublets, see Fig. 2.
A. Valley structure
1. D3d and D3 NWs
First we discuss the D3d nanowires. The states origi-
nating from the lowest-energy eight-fold degenerate mul-
tiplet in the conduction band (see Fig. 2) form bases of
Γ−5,6 and three Γ
−
4 irreducible representations. As dis-
cussed in Sec. III C, all the Γ−4 pairs of states have dif-
ferent LDOS in the reciprocal space. One pair has sig-
nificant amount of density near the longitudinal valley
L0 and the others have their densities mostly at the in-
clined valleys L1, L2, L3 (see Fig. 5). Other multiplets
are split into the states that transform according to the
irreducible representations, see Table I.
The results of the calculations for six multiplets (three
in the conduction and three in the valence band) are pre-
sented in Fig. 4. States transforming according to dif-
ferent irreducible representations are shown by crosses
of different colors. This allows one to separate unam-
biguously the states originating from the k · p levels
with n = 1, m = 1/2 from the pair of levels n = 1,
m = −1/2, 3/2 since these levels have different parities
(see Table I). An additional analysis is needed to reveal
the valley structure of the levels because there are several
sublevels with the same symmetry in all multiplets.
One can see that the valley splitting can exceed the
energy distance between different multiplets for nanowire
diameters below 40 A˚. For instance, from the k ·p theory
one expects to find in the conduction band four odd-
parity doublets followed by eight even-parity doublets
(see Table I). However, for some diameters, the highest-
energy states shown in Fig. 4 have the odd parity and,
therefore, originate from the odd-parity multiplets which
correspond to the top three lines of Table I. Thus, the
inter-valley coupling is comparable to the quantum con-
finement energy.
The strong inter-valley coupling makes it impossible to
track the origin of the states from the simple comparison
with the k · p approximation, especially for the excited
states. In order to resolve the valley structure of the
ground state multiplet, we use the analysis of reciprocal
space LDOS explained in Section IV B.
In Fig. 5 we show the reciprocal space LDOS for the
first four levels in the conduction band of a nanowire with
the diameter 29.9 A˚. In accordance with the symmetry
analysis of Sec. III C, the level with the symmetry Γ−5,6
shows almost 100% fraction of the inclined valleys. This
is expected because the corresponding states can mix
only with the states of the same symmetry and there are
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FIG. 5. (Color online) Reciprocal space LDOS for four lowest-
energy doublets of states in the conduction band of D3d
nanowire with the 29.9 A˚ diameter. The positions of the
longitudinal valley L0 are indicated by the cross and black
circles (solid, dashed, dotted) show positions of the inclined
valleys (L1, L2, L3), see Sec. IV B. We also give the estimation
(in percent) of L0 valley contribution obtained by integration
of the LDOS near the peaks (within the areas enclosed in red
circles).
no states of the same symmetry within the energy range
∼ 1 eV. There are also two levels of the symmetry Γ−4
which are combinations of the states of inclined valleys
with a small admixture of the longitudinal valley L0 and
one level of the symmetry Γ−4 with a strong admixture of
the state from the longitudinal valley. The decomposi-
tion of the confined states over different valleys is clearly
seen in Fig. 5.
The reciprocal space LDOS analysis can be used to
trace the dependence of the valley splittings on the NW
diameter. This dependence is highly oscillating, which is
explained by the fact that even a small variation in the
NW radius results in substantially different arrangements
of the surface atoms, similar to the quantum dot case [29,
50]. In Fig. 6(a)–Fig. 6(c) we show only the first four
double degenerate states in the conduction band for the
NW diameters 16÷70 A˚ for D3d (a), D3 (b) and C2h (c)
NWs. The energies in Fig. 6 are counted from the mean
energy of the multiplet and are shown as functions of
the nanowire diameter. The color of the points in Fig. 6
encodes the contributions of the longitudinal (L0) and
inclined (L1,2,3) valleys to a given energy level. The red
(blue) color corresponds to the predominant contribution
of the longitudinal (inclined) valleys.
It is clearly seen that the valley composition strongly
correlates with the levels repulsion. The more pure are
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FIG. 6. (Color online) Valley splittings for lowest conduc-
tion band states in D3d (a), D3 (b) and C2h (c) NWs as a
function of the NW diameter. The colors of the dots encode
the fraction of the longitudinal valley contribution L0 to the
confined state extracted from the k-LDOS Eq. (51).
the states of the Γ−4 symmetry originating from the lon-
gitudinal and inclined valleys, respectively, the lower is
the splitting between these valleys in Fig. 6(a). This cor-
relation is somewhat obscured by the presence of the two
levels originating from the inclined valleys. Below we will
see that, for the NWs of the C2h symmetry, it is more
pronounced.
Next we briefly discuss the D3 NWs, which have no
inversion center. The dependences of energies of the con-
fined states on the NW diameter are quite similar to these
of the D3d case presented in Fig. 4 and are not shown
here. The valley splittings, shown in Fig. 6(b), oscillate
with a somewhat smaller amplitude than in the D3d case.
This is probably due to a more symmetric surface of the
D3 NWs.
2. C2h nanowires
The C2h NWs are substantially different from the D3d
and D3 NWs. The group C2h has four spinor represen-
tations, Γ±3 and Γ
±
4 , and all of them appear in the de-
composition of the ground conduction (or valence) band
state. The representations Γ3 and Γ4 are conjugate, and,
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FIG. 7. (Color online) Same as in Fig. 5, but for C2h NW of
diameter D = 30.2 A˚.
therefore, the corresponding levels are doublets Γ3,4. The
fact that states of different parities originate from a single
k ·p level can be explained by the change in the position
of the inversion center as compared to a bulk crystal. As
shown in Sec. III C, the odd-parity states are formed by
the states from the L0 and L2 valleys, while the even-
parity states are formed by the states from the L1 and
L3 valleys. This result can be also obtained in the frame-
work of the tight-binding method, see Sec. IV A.
In Fig. 7 we show the reciprocal space LDOS for the
first four levels in the conduction band of a nanowire with
diameter 30.2 A˚.
Neglecting the valley mixing, the even-parity states
Γ+3,4, originating from the valleys L1 and L3, are degener-
ate, while the odd-parity states Γ−3,4, originating from the
L0 and L2 valleys, are split due to the valley anisotropy.
Thus, it is natural to expect that the states originating
from the k · p level n = 1, m = 1/2 with the symme-
try Γ+3,4 are evenly distributed between the two valleys
while each of the split Γ−3,4 levels are predominantly con-
tributed by the states from either L0 or L2 valley. This
qualitative analysis is in agreement with the calculated
reciprocal space LDOS of the states presented in Fig. 7.
The dependence of the first four levels in the conduction
band on the nanowire diameter is shown in Fig. 6(c). For
the odd-parity levels Γ−3,4, the valley composition strongly
correlates with the levels repulsion. The larger is ad-
mixture of the L2 valley to the state dominated by the
L0 valley (and vice versa), the stronger is the levels re-
pulsion. Both levels exhibit strong oscillations with an
amplitude up to 100 meV for small radii and decreasing
with the NW radius. The strong correlation between the
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FIG. 8. (Color online) Spin splittings of the ground conduc-
tion states in the D3 NW with the 40 A˚ diameter. By green
(black) lines we show Γ4 (Γ5,6) states. Wave vector kz is
measured from the band edge.
splitting of the levels and the degree of the valley admix-
ture, encoded by the color in Fig. 6(c), clearly indicates
that these oscillations are caused by the valley mixing at
the interface.
B. Spin splitting
In Sec. V A we discussed the valley structure of differ-
ent electron levels at the subband extrema for nanowires
of different point groups. From the k · p analysis one
could expect, that due to the spatial inversion in the
bulk lead chalcogenides, it is impossible to obtain the fine
spin structure of the energy levels in the nanostructures
in the absence of magnetic field. We remind that the
time-reversal symmetry together with the spacial inver-
sion symmetry leads to the spin degeneracy of all levels
E↑(↓)m,n(Kz) = E↑(↓)m,n(−Kz) . (53)
However, the atomistic texture near the surface may
break the spacial inversion, even in centrosymmetric ma-
terials [28, 51] and this is the case of the NWs with the
point group D3. This group has no inversion center and
Eq. (53) no longer holds for Kz 6= 0. Therefore, spin-
dependent splittings of the states become possible. The
spin splittings are linear in the wave vector Kz,
∆ESspin = αS(Kz − k0) ≡ αnkz, (54)
where αS is the splitting constant for the S’th couple of
states. In Fig. 8 we show the energy dispersion curves for
several lowest conduction-band states for a D3 NW of the
diameter ≈ 40 A˚. The Γ4 (Γ5 ⊕ Γ6) states are shown by
the green (black) lines. In agreement with Eq. (54), the
states exhibit linear-in-k spin splittings. The absolute
values of αn, extracted from the dispersion calculated in
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FIG. 9. (Color online) Spin splittings of four conduction band
doublets in NWs of D3 symmetry as a function of the NW
diameter. Color of the dots encodes the contribution of the
longitudinal valley to the confined state.
tight-binding technique, are shown in Fig. 9 as functions
of the NW diameters for four lowest conduction band lev-
els. Similar to the inter-valley splittings, the constants of
the spin splitting strongly oscillate with the NW radius.
Due to large atomic spin-orbit interaction constants
[29]
∆Pb = 2.38 eV, ∆Se = 0.42 eV,
and a narrow band gap, the spin splitting constants may
be huge (up to 1 eV·A˚), as compared with typical values
for A3B5 quantum wells [52, 53]. Although a special de-
sign of A3B5-based nanowires [54] might lead to the same
order of magnitude for the spin splitting, we stress that in
our case we consider ideal nanowire of cylindrical shape
based on material without bulk inversion asymmetry.
To make the spin splitting analysis complete, in Fig. 9
we show the spin splitting constants αS as functions of
the nanowire diameter. Each panel corresponds to a par-
ticular pair of states. The panels are sorted by the lon-
gitudinal valley contributions, encoded by the color of
points in Fig. 9. One may note that the spin splitting is
larger for the states with higher fractions of the inclined
valleys.
VI. CONCLUSION
In this work, we have calculated the energy spectrum
of the [111]-grown PbSe nanowires in the framework of
the empirical tight-binding method. By comparing the
atomistic results with the k · p theory we demonstrated
that the boundary scattering leads to the valley-orbit
splitting of the confined states. The valley splitting of
the energy levels is very sensitive to a particular arrange-
ment of atoms in the nanowire. We have considered PbSe
nanowires grown along [111] direction with D3d, D3 and
C2h point group symmetry. Analysis of the local density
of states in the reciprocal space allowed us to resolve the
valley composition of the tight-binding wave functions.
The strong correlation between the valley composition
and the valley-orbit splittings shows that the main ori-
gin of the valley splitting is the intervalley mixing at the
surface of the NW.
For relatively large nanowires with the diameters ex-
ceeding 40 A˚ the energy spectrum can be fairly well ap-
proximated in the framework of the k · p method, but
for the diameters less than 40 A˚ the valley splittings of
confined states become comparable with the energy dis-
tance between the unperturbed states from independent
valleys and k ·p theory should be modified to account for
combinations of valley states.
The [111]-grown nanowires of the D3 symmetry group
represent a special case, as they lack inversion center and
have a screw axis. For this reason they exhibit linear in
wave vector spin-dependent splittings of energy levels.
Our tight-binding calculations reveal giant spin splitting
constants α up to 1 eV·A˚. This reflects the relativistic
nature of electron spectrum in lead atoms and shows
that the lead-chalcogenide nanowires are unexpectedly
promising candidates for the spintronic devices.
We believe that the intricate nature of the valley and
spin splittings in small nanowires opens new opportuni-
ties in the control of spin and valley degrees of freedom.
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